After identifying a subtle endpoint singularity that affects the former solution in its third derivative, a slow variable is introduced to capture the rapid variations in the channel's core. The core refers to the midsection plane where the shear layer is displaced due to hard blowing at the walls. Then using matched-asymptotic expansions with logarithmic corrections, a composite solution is developed following successive integrations that start with the third derivative. In the process, the inner correction is retrieved from the fourth-order equation governing the symmetric injection-driven flow near the core. The resulting approximation is expressed in terms of generalized hypergeometric functions and is confirmed using numerics and limiting process verifications. The composite solution is shown to outperform the former, outer solution, as the core is approached or as the injection Reynolds number is increased. Without undermining the practicality of the former solution outside the thin core region, the development of a matched-asymptotic approximation enables us to suppress singular terms, thus ensuring a uniformly valid outcome down to the fourth derivative.
I. Introduction
HIS work seeks to provide a complete asymptotic solution to the steady two-dimensional flow of a viscous fluid in a porous channel with expanding or contracting walls. The channel is taken to be semi-infinite with uniformly porous sidewalls. An incompressible fluid is injected with constant relative velocity across its walls as shown in Fig. 1 . Such an idealization serves to model a range of physical mechanisms including transpiration cooling, boundary layer control, jet mixing, surface ablation, propellant burning, and membrane separation. It has recently led to new exact solutions to the porous channel flow problem in the form of homotopy-based series that are not limited by the size of the crossflow Reynolds number. 1 In transpiration cooling applications, the injection of a lower temperature fluid across the walls creates, on the one hand, a thermal barrier that protects the walls of the channel carrying a higher temperature fluid. manner can substantially improve jet turbulence and penetration while reducing the length to achieve a given mixing state. 7, 8 In combustion chambers and nozzles, injecting a cold layer of oxidizer can be instrumental in maintaining tolerable wall temperatures. 9 In chemical propulsion, the ejection of gases inside a thrust chamber can be simulated by the uniform injection of a fluid across porous and regressing walls. [10] [11] [12] [13] [14] [15] [16] Another application that has provided the original motivation for this class of studies is connected with the separation of uranium isotopes 235 U and 238 U by differential gaseous diffusion. 17 In a prequel by Dauenhauer and Majdalani, 18 both injection and suction-driven flowfields are characterized inside a uniformly porous viscous channel with expanding and contracting walls. This model is also employed in the context of a slab burning solid propellant rocket motor. 19 By introducing a similarity solution for the streamfunction of the form xF   , the Navier-Stokes equations are reduced to a single ODE for the characteristic function F . An asymptotic solution is then obtained, valid for a large crossflow Reynolds number R v a w /   , where R is based on the wall injection (relative) speed v w and the channel half-spacing a . 20 This is followed by several related investigations, [21] [22] [23] [24] [25] [26] including a recent study by Xu et al. 1 in which the Homotopy Analysis Method is used to obtain a series solution. The motivation for this article and, hence, the driving factor behind the forthcoming analysis are connected to the following paradigm. The outer solution presented by Majdalani and Zhou 20 is marred by an essential singularity in its midsection plane that once appeared in Yuan's model 27 for porous channels with stationary walls. This endpoint singularity stems from a logarithmic term that appears in the solution's third derivative. The derivative in question controls the axial pressure gradient in the porous chamber and must be rectified lest its magnitude becomes suddenly unbounded at the core. Physically, the onset of irregular behavior signals the presence of a viscous layer along the channel's midsection plane, as once shown by Terrill 28 in similar context. In the present work, we follow Terrill's approach to the extent of not only uncovering the size and shape of the viscous layer, but also showing how this singularity may be removed through the use of matched-asymptotic expansions. Before closing, we present a uniformly valid approximation that leads to holomorphic vorticity, shear, and pressure fields across the fluid domain.
II. Outer Solution
We consider the injection-driven viscous flow inside a uniformly porous channel with expanding or contracting walls. As shown by Majdalani and Zhou, 20 one can apply similarity transformations in space and time to convert the Navier-Stokes equations into a well-posed fourth-order boundary value problem. This problem exhibits the form where the boundary conditions are specified at the channel wall and midsection plane,
As before, x and y represent the longitudinal and normal coordinates measured from the headwall and the midsection plane, respectively (see Fig. 1 
where the x and y components of velocity can be deduced using u xF   , and v F   . In like fashion, other flow attributes may be extrapolated from F and its derivatives. The axial pressure gradient, for example, can be evaluated from F  via
where
The singularity at hand is caused by the (
cos ln tan  ) term that appears, for the first time, in F  . Because this term becomes suddenly unbounded as 0   , it marks the presence of a core boundary layer that requires special treatment. This spurious behavior may be attributed to the effects of blowing at each wall, a convection mechanism that drives the shear layer away from the wall and into the core region. Inside this layer the viscous term R F By retaining the highest derivative, however, the order of the equation is increased by one. Formerly, only three of the four boundary conditions had to be satisfied by the outer solution. Under the premise of a large injection Reynolds number, it was not necessary to impose the first condition, F (0) 0   , in Eq. (2). At present, two boundary conditions at y 0    must be secured by the inner approximation while two others must be employed to determine the remaining constants of integration through matching with the outer solution.
In retrospect, it may instructive to note that the case of large blowing at two opposing but fixed walls displays similar features to ours. This case is treated by Yuan 27 whose series solution also appears to exhibit a core anomaly: It continues to agree with numerical predictions until undergoing a threefold differentiation. Much like ours, Yuan's third derivative becomes infinite in its midsection plane. To suppress this unphysical behavior, a follow-up investigation by Terrill 28 may be consulted in which a mathematical strategy is introduced for the purpose of characterizing the subtle inner layer that is not considered in Yuan's analysis. In what follows, the existence of a comparable singularity will be shown to exist in the problem under investigation.
III. Inner Expansion of the Outer Solution
To eliminate the singularity in F  , an inner solution is attempted in the thin core region. This is accomplished by applying the concept of matched asymptotic expansions. Starting with
a term-by-term expansion yields
Letting the slow inner variable take the form 
IV. Inner Solution
Next, the independent variable in Eq. (1) is changed from y to  . This replacement returns
where the subscript denotes a derivative with respect to  . Using the spatial distortion 
with local boundary conditions
At this juncture, the inner solution can be written in a series of progressively diminishing terms, specifically 
According to Van Dyke's matching principle, Eqs. (14)- (17) must be integrated and then matched with Eq. (9). This operation yields 
A. Outer Expansion of the Inner Solution
In order to evaluate the inner solution in the outer domain, it is useful to introduce the large  expression B e
Based on Eq. (22), the third and fourth terms on the right hand side of Eq. (21) become
The outer expansion of Eq. (21) can now be written as
Next, Z needs to be determined before initiating the twofold integration of Eq. (25) . 
B. Matching with the Outer Solution
and so
2 ln 2 ln 2 3 
The outer expansion of the inner solution is finally at hand. Substituting all i g back into Eq. (13), one collects B   5  2   5  3  3  1  1  1  1  5  1  120  3  6  2  18  3 ln 2 ln ln
This solution can be expressed in the original variable  and put in the form
C. Inner Correction
Having determined the constant in Eq. (21), one can integrate twice and write ( ) makes it singularity-free down to the fourth derivative. Defining
Based on this correction, the third derivative in c F ( ) is no longer unbounded at the core. The net corrections that must be added to the derivatives obtained by Majdalani and Zhou 20 are, therefore, 2  2  2  7  1  5  1  15  4  2  4 2 ln
and, finally,
V. Corrected Core Values
Recalling that
, one can use either L'Hôpital's rule or Taylor series expansions to study the behavior of F and its derivatives as y 0 .
  Without the inner correction, the formerly reported solution can be shown to exhibit 
where  0.9159656  is Catalan's constant. When the composite solution is constructed, singular terms take leave; one finds Table 1 . Spatial comparison in outer (o), composite (c), and numeric (n) predictions for F , F  , F  and F  at α = 10 and ε = R = 0.01 ( 100) 
Insofar as Eq. (50) enhances the accuracy of the solution in the vicinity of the chamber midsection, it leads to local ameliorations in axial velocity and both axial and normal pressure gradients. 20 In fact, when inner corrections are accounted for, a better agreement is achieved at all levels with the numerical solution of the problem. This can be seen in Table 1 where the outer, composite, and numerical predictions for F and its derivatives are reported. This comparison is focused on the limited core region associated with
and representative values of R 100  and
 
In addition to the gradual refinement in the composite solution over the outer expressions for F , F  , and F  , a significant Table 2 . Outer (o), composite (c), and numeric (n) predictions for F (0)  and F (0)  at α = 10 and an increasing range of R. The composite solutions at the core are given using the first term, the first two terms, and the first three terms in Eqs. (47) and (48) Table 3 . Outer (o), composite (c), and numeric (n) predictions for F (0)  at α = ±5 and an increasing range of R. The composite solution at the core is obtained using the first term, the first two terms, and the first three terms in Eq. (47) 10 . These estimates are compared to the numerical values with and without inner corrections. In order to depict the improvement with each successive asymptotic correction, the matched-asymptotic expansions at the core are provided using the first term, the first two terms, and the first three terms that appear in Eqs. (47) and (48), respectively. In the case of F (0)  , the two-term composite solution that emerges is identical to the outer approximation. It is in fact the third correction of order 2 ln   that marks the difference in Table 2 . This result is further confirmed in Table 3 Table 4 where both F (0)  and F (0)  are calculated over a range of expansion ratios ranging from 100  to 100 at fixed R 1000  . It is interesting to note that the error in the asymptotic predictions becomes more appreciable as | |  is increased at constant R. This can be attributed to our approximation being contingent on R 
VI. Conclusions
In this study, we first identify and then suppress the spurious logarithmic singularity that affects the mean flow of a porous channel with regressing or contracting walls. The singularity in question is conspicuous by its sudden appearance in the third derivative of the characteristic mean flow function. At the outset, unboundedness unexpectedly appears in the axial pressure gradient. Its emergence signals the presence of a viscous boundary layer that must be carefully resolved. In this vein, the quest for an inner scaling transformation is initiated to the extent of striking a quasi balance between viscous dissipation and inertia. The ensuing scaling analysis unravels a slow-varying stretched coordinate of the form function approximations are used to simplify its second derivative under farfield conditions. This is followed by matching with the second derivative of the outer solution expressed in the inner variable. This step allows us to deduce the constants in g 4  . Subsequently, pursuant to a twofold integration of g 4  , a complete representation of the inner approximation is arrived at. At length, the remaining constants are specified through matching with the outer solution. Finally, using Erdélyi's principle of composite expansions, the inner, outer, and common parts are algebraically combined into a matched-asymptotic solution that remains uniformly valid throughout the domain. In retiring, comparisons with numerics are used to show that the corrected formulation is no longer marred by singularity. The correction presented in this study is hence essential not only to the porous channel problem, but to other injection-driven flows that exhibit common attributes. In future work, it is hoped that a similar approach will be employed to rectify the outer approximations that have so far been developed for analogous injection-based flowfields with core singularities.
